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TROPICAL IGUSA INVARIANTS AND TORSION EMBEDDINGS
PAUL ALEXANDER HELMINCK
Abstract. Tropical versions of j-invariants have been introduced and studied in [4], [13]
and [6]. In this paper we will introduce a tropical version of the Igusa invariants, the
so-called tropical Igusa invariants, and show their connection to semi-stability. See [9] for
the nontropical version. We will also interpret results from [15] in terms of torsion points
on Jacobians.
1. Introduction
This paper is divided into two parts. First, we will discuss a tropical variant of the
Igusa invariants. These invariants completely determine the semi-stable reduction type of
a genus 2 curve. For an exposition of the original invariants we refer the reader to [9] and
[7]. We will first give a review of the results of [9] and we will use these to create their
tropical versions. These new invariants enable us to show that one can recover the cell
decomposition of M2 by calculations on the tropical version of the moduli space. Similar
work has been done for the genus 2 tropical case in [18].
The second part of the paper is about torsion points on Jacobians and how to obtain trop-
ical embeddings using these. These embeddings are known to exist, but the methods used
are purely analytic. In this paper we will create embeddings using the component group
of the Ne´ron model of the Jacobian of a curve.
1.1. Tropical Igusa invariants. In [4], [13] and [6] one can find the elliptic curve case of
the theorem we will be discussing:
Theorem 1. Let E be an elliptic curve with multiplicative reduction over K with valuation
ring R. There exists a tropicalization Trop(E) over the completion of an algebraic closure
of K with a cycle of length −v(j).
In this paper we will obtain the genus 2 version of this result. To do that we will have
to define Tropical Igusa Invariants, which will yield the cycle lengths of the semi-stable
reduction of C.
Theorem 2. (Main Theorem) Let C be a curve of genus 2. Suppose that C is semi-
stable over K. Then the cycle lengths and reduction type of a faithful tropicalization can
be completely described in terms of tropical Igusa invariants.
The full description is quite long so we will leave it for section 3. Obvious generalizations
to genus n are possible, but since there is no description of the semi-stable reduction in
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terms of the coordinates of the moduli space Mn, we haven’t touched upon the general
genus n case.
1.2. Torsion embeddings. In the second part we will reinterpret some results of [13]
and [6] concerning elliptic curves and tropicalizations. This will give ”N-torsion” tropical
embeddings of elliptic curves. The results for the N -torsion were actually the precursor for
the above genus 2 results. We will therefore first consider the elliptic curve case and then
continue to the genus 2 case. Some difficulties are highlighted and explicit examples are
given.
2. Graphs and tropicalizations
Here we give a quick summary of the notation and results in [13],[14] and [15]. Most of
these concern the minimal regular model of a curve and the information on a semi-stable
formal model over an algebraic closure of K. Once these are obtained, we continue to
consider what we call scaled tropicalizations, which is a variant on faithful tropicalizations.
These scaled tropicalizations occur when we introduce torsion points and their associated
functions in section 4.
2.1. Notation used throughout the paper.
• K is a discretely valued complete field,
• v is the associated valuation,
• |x| := e−v(x) an associated absolute value,
• R the associated valuation ring, that is R = {x ∈ K : v(x) > 0},
• m the maximal ideal of R,
• k := R/m the residue field of characteristic p, which we assume is algebraically
closed,
• C a geometrically connected smooth proper curve over K,
• C a model of C over R as in [8],
• J(C) the Jacobian of C over K,
• J (C) (Or: J ) its Ne´ron model.
2.2. Graphs for minimal models. Let C be as above. Let C be a minimal regular model
for C as in [8]. Let S := {Ci} be the irreducible components of Cs. We will mostly follow
[14] for the reduction map on the Jacobian of C. Let G be the dual graph of Cs. That is,
let G be the finite graph whose vertices correspond to irreducible components Ci of Cs and
whose edges correspond to intersections between edges (in other words, there is exactly
one edge between vi and vj for each point of intersection between Ci and Cj).
We will now define a reduction map on the Jacobian of C. We will use the intersection
pairing on C (which is denoted by ” · ”). The target space will be the Z-linear functions
on the free abelian group on S = {Ci}. Let P ∈ J(K). Choose D ∈ Div0(C) such that
P = [D]. Let D ∈ Div(C) be the Zariski closure of D. Then
φ(P ) = [Ci 7→ (Ci · D)]
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This is the reduction map on the Jacobian. When D corresponds to a Weil divisor sup-
ported on C(K), we have another description. Write D =
∑
P∈X(K) nP (P ) with
∑
nP = 0.
Since C is regular, each point specializes to one component c(P ). Identifying the formal
sum
∑
i aiCi with the function Ci 7→ ai, we have
φ([D]) = [
∑
P
nP c(P )]
It is now possible to derive the component group of the Ne´ron model from the data above.
Let Div(G) be the free group on the set of vertices of G and define Div0(G) to be the kernel
of the map deg : Div(G)→ Z given by
deg(
∑
ai(vi)) =
∑
ai
Now letM(G) be the set of Z-linear functions on V (G) and define the Laplacian operator
∆ :M(G)→ Div0(G) by
∆(φ) =
∑
v∈V (G)
∑
e=vw
(φ(v)− φ(w))(v)
where the inner sum is over all edges e of G having v as an endpoint. Also, define
Prin(G) = ∆(M(G)) ⊆ Div0(G)
and let Jac(G) = Div0(G)/Prin(G) be the Jacobian of G. Note that we have a map
φ : J(K)→ Jac(G). We will use this map quite often.
Lemma 1. The component group of J (C) is isomorphic to the Jacobian of G.
Proof. This is in [14] and is largely based on a famous theorem by Raynaud. 
Remark 2.1. When dealing with Berkovich spaces one is usually interested in the retraction
map τ : Xan → Σ where Σ is the minimal skeleton. Here we show how to calculate this map
in terms of the above data. Consider the irreducible components as divisors on C. For every
divisor D on C, we can use the intersection pairing to give a map ρ : Div(C)→ Div(G). It
is defined by
ρ(D) =
∑
vi∈G
(Ci · D)(vi)
This is known as the specialization map. If we now have a Weil DivisorD =
∑
P∈X(K) nP (P )
then we can again look at the Zariski closure D of D and we can create
ρ(D) =
∑
P
nP (v(P ))
where v(P ) is the unique component corresponding to P . Note again that we use the fact
that we have a regular model here. This map coincides with the retraction map and will
be used for computations in section 4.
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Remark 2.2. In what follows we will quite often extend the base to the completion of
an algebraic closure of K to use nonarchimedean analysis. Various compatibilities are
explained in [15]. For instance we will take results in the discrete case like ”the thickness of
a point is n” and then translate this to the Berkovich case ”the length of the corresponding
edge in the minimal skeleton is n”.
2.3. Formal semi-stable models, Berkovich spaces and the Slope Formula. We
quickly recall the relevant notions in [13]. In this section only, K will be an algebraically
closed field with a nontrivial nonarchimedean valuation val : K → R ∪ {∞}. R will be its
valuation ring and k its residue field. Let X ba a strongly semistable formal model as in
[13].
With a semistable formal model X , we can consider the associated Berkovich space, denoted
by X an which is roughly given by base extending the coordinate rings with K. It has a
semistable vertex set V . In fact, if we take the base extension of the minimal model in the
previous section, then the irreducible components still define a semistable vertex set after
extension.
We will denote the analytic space obtained by Xan as in [13]. For any one-dimensional
K-analytic space, we have the set of skeletal points H0(U), which is the set of type 2 and
type 3 points. We define the set of norm points to be H(U) := U\U(K). There’s a very
transparant way of looking at this last set in terms of semistable vertex sets. The interested
reader can read more about this in [13].
Suppose now we have a geodesic segment α : [0, a] → H(Xan) starting at x (that is
α(0) = x). Two geodesics α and β are considered equivalent if
1) α and β start at x ∈ Xan
2) α and β agree on some neighborhood of x.
A class of equivalent geodesics starting at x is called a tangent direction at x. Now recall
that a function F : Xan → R is piecewise affine provided that for any geodesic α the
pullback F ◦α is piecewise affine. This allows us to consider the outgoing slopes of F along
a tangent direction v as in [13]. We will denote the slope along such a tangent direction
by dv(F ).
Definition 2.1. A piecewise affine function F is harmonic at x ∈ Xan provided that the
outgoing slope is nonzero for only finitely many tangents v and∑
v∈Tx
dv(F (x)) = 0
We will say that F is harmonic if it is harmonic at every point.
We have the following important theorem, which is used frequently in section 4.
Theorem 2.1. (Slope Formula for the skeleton) Let f be an algebraic function on X with
no zeros or poles and let F = − log |f | : Xan → R. Let V be a semistable vertex set of X
and let Σ be the corresponding skeleton. Then F is harmonic.
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Remark 2.3. In practice we are given the sum of the outward slopes in a divisor and we
have to find the piece-wise affine function modulo vertical translation corresponding to it.
Some examples are given in section 4.
2.4. Tropicalizations and lengths. We now review what it means for a tropicalization
to be faithful. In coordinates, the tropicalization map is given by
trop(x1, ..., xn) = (val(x1), ..., val(xn))
Considering xi as a function on X
an, we have an identification val(xi) = −log(|xi|) (by
definition of our absolute value). So in fact we are interested in the logarithms of the
absolute value of functions on our analytic space. If we want to know the image of trop
then we have to know for any f what its corresponding tropical form F := −log(|f |) is.
This was done for the minimal skeleton in the previous parts. If we want the minimal
skeleton to embed into Rn then we have to know how lengths of edges in our minimal
skeleton are mapped to Rn.
To that end, we recall some notions from [13].
Definition 2.2. (Expansion factor of an edge) Let e ⊂ Σ be an edge and let e′ ⊂ Trop(X)
be its image. Define the expansion factor of e to be the unique integer mrel(e) ∈ Z≥0
such that
`Trop(trop(e˜)) = mrel(e) · `an(e˜)
where e˜ is any finite-length segment e˜ contained in e.
Remark 2.4. We now turn to how we can calculate these expansion factors. Suppose we
are given a tropicalization in the form
trop(|| · ||) = (− log ||f1||, ...,− log ||fn||)
where the fi are the images of xi under a toroidal embedding X → T where K[T] ∼=
K[x±1 , ..., x
±
n ]. Let si ∈ Z≥0 be the absolute value of the slope of − log ||fi|| on e. Then
(1) mrel(e) = gcdi:si 6=0(si)
This allows us to calculate exactly what happens to the minimal skeleton under the tropi-
calization map.
We recall the notion of a faithful tropicalization. Let Σ be the minimal skeleton. We
say that trop is faithful if it maps Σ homeomorphically and isometrically onto its image in
Rn. This boils down to the following:
• trop has to separate points, in the sense that it has to be injective on Σ,
• The expansion factor for every edge has to be 1.
Such a faithful tropicalization always exists for curves, as was shown in [13]. We now
propose an alternative condition which is easier to achieve over smaller base fields.
Definition 2.3. Let trop be as above for a choice of basis fi. We say that trop is a scaled
tropicalization if
• trop separates points on Σ,
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• the expansion factor is nonzero for every edge of Σ.
If a tropicalization is not faithful but scaled, we can still recover the length of an edge in
the tropicalization by using equation 1. We will use this in section 4. Plenty of examples
will be given there as well.
3. Tropical Igusa Invariants
In this section we will define tropical Igusa invariants. The definition is based on a result
from [9] which relates the reduction types for the genus 2 case to the valuations of the Igusa
invariants, similar to the elliptic curve case. For simplicity we will assume char(K) 6= 2.
We will follow [9]. Let C be a projective smooth curve over K, geometrically connected
of genus 2. One can introduce the so-called Igusa invariants J¯ = {J2, J4, J6, J8, J10} of
this curve C as follows: since C is hyperelliptic we have that C is determined by an
equation of the form y2 = P (x) for some polynomial P (x) of degree 5, 6. We will give
an explicit form in the case of deg(P (x)) = 5 in the appendix. This explicit form of the
invariants is determined by considering the PGL2(K¯) action on all quintics (or sextics)
and by determining their invariants. This was also done in [10].
These invariants have a more abstract meaning in terms of moduli spaces which we will
now highlight. LetM2 : (Sch)→ (Set) be the functor which assigns to every scheme S the
isomorphism classes of proper smooth curves over S with geometrically connected fibres of
genus 2. Now consider the graded Z algebra
Z[J¯ ] := Z[J2, J4, J6, J8, J10]/(J24 − J2J6 + 4J8),
where degJ2i = 2i. Let X = ProjZ[J¯ ]. We then have a morphism of functors
M2 → Mor(·,X )
which induces an isomorphism of the coarse moduli space M2 of all proper smooth curves
of genus 2 with the open principal D+(J10) of X as in [7]. Note that for any specific curve
C, J10 is the discriminant of the quintic/sextic corresponding to C. Let us describe this
functor in more detail. Let C be a projective smooth curve of genus 2 over a field F ,
let J¯ be the invariants calculated by any equation of C. Then φ([C]) is defined by the
corresponding homogenous Igusa invariants, where [C] is the isomorphism class of C.
3.1. Reduction types of genus 2 curves. Let us introduce homogenous elements of
Z[J¯ ] as in [8]. We define
I2 := 12
−1J2
I4 := J
2
2 − 23 · 3J4
I6 := J6
I8 := J8
I12 := −23J34 + 32J2J4J6 − 33J26 − J22J8
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These will be used in the characterisation of the reduction types of a curve of genus 2.
We will rewrite the characterisation using the tropical Igusa invariants. For the entire
characterisation we will adopt one more notational tool:
 := 1 if char(k) 6= 2, 3
 := 3 if char(k) = 3
 := 4 if char(k) = 2
Now let us first define the valuations of the original Igusa invariants.
Definition 3.1. For any curve of genus 2 as above, consider its Igusa invariants {J2i} ∪
{I2i}. We define the Tropical Igusa invariants to be the valuations of these invariants,
namely:
{v(J2i)} ∪ {v(I2i)}
These valuations will completely determine the reduction type for each curve. To that
end, define the following functions
w1,i = 5v(J2i)− iv(J10)
w2,i = 6v(J2i)− iv(I12)
w2,x = 6v(J10)− 5v(I12)
w3,i = 2v(J2i)− iv(I4)
w3,x = v(I12)− 3v(I4)
w3,y1 = v(J4)− v(I4)
w3,y2 = 2v(J6)− 3v(I4)
w4,i = w3,i
w2c,1 = v(I4)− 2v(I2)
w2c,2 = v(J10)− 5v(I2)
w2c,3 = v(I12)− 6v(I2)
w5,1 = 3v(I4)− v(J10)− v(I2)
w5,2 = v(I12)− v(J10)− v(I2)
w6,1 = 3v(I4)− v(I12)
w6,2 = v(J10) + v(I2)− v(I12)
w7,1 = −w6,1
w7,2 = v(J10) + v(I2)− 3v(I4)
These functions can be simplified but right now they are defined this way to make the
upcoming theorem easier to write down. In fact, the first number in the subscript corre-
sponds to the reduction type.
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Now for the theorem. We assume g = 2. Let F be a finite extension such that CF
admits a stable model. This exists by the semi-stable reduction theorem. We will denote
the stable model by C. Its special fibre will be denoted by Cs. Also, let K = F . By a
combinatorial argument (and using the fact that 2a+ t ≤ 2g, where a and t are the abelian
and toric ranks of Pic(Cs)), there exist only 7 possible reduction types. These are in Figure
1. One can also consider the corresponding dual graphs. These will be important for the
tropical version. The corresponding dual graphs are contained in Figure 2. A ”1” in the
figures denotes a component whose normalization is an elliptic curve.
Figure 1. The possible stable reduction types for a genus 2 curve.
Theorem 3.1. Let C be a projective smooth, geometrically connected curve of genus 2 over
K. Let J¯ := {J2, J4, J6, J8, J10} be the Igusa invariants as introduced before. The possible
reduction types are determined by the Igusa invariants as follows.
• (Smooth case) wi ≥ 0 for every i ≤ 5 ⇐⇒ Cs is smooth.
• (Single double point) w2,i ≥ 0 for every i ≤ 5 and w2,x ≥ 0 ⇐⇒ Cs is irreducible
with one singular point.
• (Double double point) w3,i ≥ 0 for every i ≤ 5, w3,5 > 0, w3,x ≥ 0 and either
w3,y1 = 0 or w3,y2 = 0 ⇐⇒ Cs is irreducible with two ordinary double points.
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• (Chestnut) w4,i > 0 for every 2 ≤ i ≤ 5 ⇐⇒ Cs consists of two projective lines
which intersect each other in 3 points.
• (Two elliptic curves) w2c,1, w2c,2, w2c,3 > 0. ⇐⇒ Cs consists of two components
intersecting in only one point. Furthermore, w5,1, w5,2 ≥ 0 ⇐⇒ Cs consists of two
elliptic curves intersecting in one point.
• (One elliptic curve, one singular projective line) w2c,i > 0 for every i,w6,1 ≥ 0 and
w6,2 > 0 ⇐⇒ Cs consists of two components intersecting in one point, with one
component having one ordinary double point.
• (Two singular projective lines) w2c,i > 0 for every i, w7,1 > 0 and w7,2 > 0 ⇐⇒
Cs consists of two projective lines intersecting in one point.
Proof. One starts by taking the hyperelliptic involution on C and prolonging it to C.
Taking the quotient of this scheme C by the hyperelliptic involution one obtains a scheme
Z with generic fibre Zη ∼= P1. The corresponding quotient is either irreducible or reducible,
in which case there are two irreducible components. The case where Z is irreducible
corresponds to the first 4 cases in the theorem. The theorem follows by explictly writing
out the equations for the quintic in question and by writing down the reduction of the
Igusa invariants. 
Thus the reduction types are completely determined in terms of the tropical Igusa in-
variants. Now that we know the reduction types, we would also like to know the thickness
of any singular point on the special fibre. This is given by the following
Theorem 3.2. (The cases below correspond bijectively with the cases in Theorem 3.1). Let
C and C be as before.
• (Smooth case) There are no singular points on Cs.
• (Single double point) There is one singular point with thickness e = w2,x/6.The
component group is isomorphic to Z/eZ.
• (Double double point) There are two singular points. Let e1 ≤ e2. Then
e1 = inf{w3,x, w3,5/4}
e2 = w3,5/2− e1
• (Chestnut) There are three singular points, let e1 ≤ e2 ≤ e3. Let l = v(J10)−5v(J2),
n = v(I12)− 6v(J12) and m = v(J4)− 2v(J2). Then
e1 = inf{l/3, n/2,m}
e2 = inf{(l − e1)/2, n− e1}
e3 = l − e1 − e2
If d1 = gcd(e1, e2, e3) and d1d2 = e1e2 + e2e3 + e1e3, then we have that Ψ ∼=
Z/d1Z× Z/d2Z.
• (Two elliptic curves) There is one singular point with thickness
e =
1
12
v(J10)− 5v(I2)
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Figure 2. The dual intersection graph for every reduction type as in
Theorem 3.1.
.
• (One elliptic curve, one singular projective line) Let e0 be the thickness of the in-
tersection point and e1 the thickness of the singular point. Then e0 =
1
12
(v(I12)−
6v(I2)) and e1 =
1

(v(J10) + v(I2)− v(I12)). We have that Ψ ∼= Z/e1Z.
• (Two singular projective lines) Let e0 be the thickness of the intersection point and
e1 ≤ e2 that of the singular points. Then
e0 =
1
4
(v(I4)− 2v(I2))
e1 = inf{w7,1, 1
2
w7,2}
e2 =
1

(w7,2)− e1
Furthermore, we have that Ψ ∼= Z/e1Z× Z/e2Z
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Proof. The calculations for the lengths and component groups are in [[9], Proposition 2,
p215]. We have translated them to statements in terms of valuations for tropical purposes.

3.2. Tropical cycles. We are now ready for the theorem announced in the introduction.
Let K be a discretely valued field with ring of integers R. Suppose that C is stable over
K and let C be its stable model. There is an unique extension of the valuation on K to
an algebraic closure K¯ of K. We will denote this valuation by v again. Taking the base
extension of the stable model by the ring of integers R¯ in K¯ yields a scheme over R. The
thickness of any singular point hasn’t changed under the base extension. For if we have a
ordinary point of the form R[[x, y]]/(xy − tn), then its thickness is n. If we base extend
this ring by R¯ then the valuation of tn will not change.
In Theorem 3.1 we obtained the possible reduction types. These reduction types all have
a dual intersection graph. If we have a faithful tropicalization, then this dual intersec-
tion graph has an isometric copy in its faithful tropicalization. Thankfully, these faithful
tropicalization exist, although the methods used are purely analytic.
Theorem 3.3. Let C be a projective, smooth geometrically connected semi-stable curve of
genus 2. There exists a faithful tropicalization over the completion of the algebraic closure
of K.
Proof. This follows from [13] or [15], which both yield an embedding of C such that the
tropical embedding contains an isometric copy of the minimal skeleton. The embedding
created in [13] is known to be closed. 
Remark 3.1. In [15] it is even showed that one can find an embedding C → P3 which yields
a faithful tropicalization. In the next section we will show how torsion points on Jacobian
give rise to tropicalizations as it did in the elliptic curves.
We now recall the main theorem announced in the introduction.
Theorem 2. (Main Theorem) Let C be a curve of genus 2. Suppose that C is semi-
stable. Then the reduction type and the cycle lengths of a faithful tropicalization are
completely described in terms of tropical Igusa invariants by Theorem 3.1 and 3.2.
Proof. This follows from Theorema 3.1 and 3.2, since the dual intersection graph of Cs
together with the thickness of any singular point, gives the minimal skeleton Σ of C. 
Remark 3.2. The cell decomposition of M2 as in [17] can be quickly summarized by
{Smooth curves} ∪ {singular stable curves}
(where the singular stable curves are the boundary term) and these can be reduced
further to the reduction types as in Theorem 3.1. For every stable reduction type here we
have a tropical counterpart as described in Theorem 3.1. Thus we find
{Cell decomposition M2} ←→ {Decomposition tropical moduli space}
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Our hope is that one can find a decomposition of a tropical moduli space for curves of
genus n similar to the one found here, such that this decomposition corresponds exactly to
the cell decomposition of Mn as described in [17]. This would completely determine the
”boundary” of the moduli space in terms of tropicalizations.
4. Torsion points and faithful tropicalizations
We will first study the case of an elliptic curve, which was already done for N = 3 in
[13],[4] and [5]. We will then generalize this to genus 2 curves.
4.1. Elliptic curves. It is known that one can quite explicitly write down the tropicaliza-
tion of an elliptic curve, see [5], [4] and [13]. The methods used involve the 3-torsion of an
elliptic curve. We will extend this to p-torsion (most of this is also possible for N -torsion,
but for p a prime it is easier to handle the kernels). To that end, suppose we have an
elliptic curve with semi-stable reduction. Now take an p-torsion point α reducing to the
singular point. This exists, because otherwise Gm would contain a subgroup of the form
(Z/pZ)2.
In the reduction graph we have an irreducible component corresponding to α which we
will denote by A as in [13]. Its multiples yield other irreducible components which we will
denote by Ci, where Ai := [i](A) reduces to Ci. This gives a subdivision of the minimal
skeleton Γ of Ean into p edges of equal length.
We would now like to create tropical meromorphic functions as in [14] that will parametrize
Γ. In order to do this we would like to give the functions in terms of p-torsion.
Lemma 2. Let F be a tropical meromorphic function with divisor
∑p−1
i=0 aiCi with
∑
ai =
0. Then
p−1∑
i=0
i · ai ≡ 0 mod p
Proof. We will give an elementary proof. Let hi = F (Ci). Then we characterize the sum
of the incoming and outgoing slopes by the formula:
ai = (hi − hi−1) + (hi − hi+1) = 2hi − hi−1 − hi+1
Let us follow the hi+1-term in the sum under consideration in the lemma. The first term
is −i · hi+1. The second 2(i + 1) · hi+1. The third is equal to −(i + 2) · hi+1. The sum
of these three is 0. Thus most of the sum
∑p−1
i=0 i · ai ≡ 0 mod p under consideration will
”telescope” to zero. The remaining part is −h0 − (p − 1)h0 = −ph0 ≡ 0. This proves the
lemma. 
We will use this lemma to construct for every tropical meromorphic function F , a prin-
cipal divisor f ∈ Prin(E) that reduces to F . In this way we can create any tropical
meromorphic function on Γ. To do this, let F be a tropical meromorphic function with
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divisor (F ) =
∑p−1
i=0 aiCi. Consider the divisor
f =
p−1∑
i=0
aiAi
where P0 =∞.
Lemma 3. f is a principal divisor.
Proof. It suffices to check that
∑p−1
i=0 aiAi = 0 in the group law of E. By identifying Ai
with i in the subgroup Z/pZ, this follows from the previous lemma. 
Example 4.1. Take N = 5. We will proceed as above to find functions such that the
tropicalization is faithful. Let P1 be a point of order 5 that reduces to a singular point on
the special fibre. Let Pi := [i](P1). Consider the divisors with suggestive notation
(f) := 2P1 + P2 − P4 − 2O
(g) := −P1 + 2P3 −O
One can easily check that these divisors are principal and thus that we have functions f and
g with these divisors. The tropical forms F and G of respectively f and g in this case are
shown in Figure 3. This cycle has length −2/5(v(j))− 1/5(v(j))− 1/5(v(j))− 1/5(v(j))−
1/5(v(j)) = −6/5v(j). Actually, we obtained these functions by first creating the tropical
functions F and G. Then we created their divisors and then we used the lemma to obtain
the principal divisors f and g.
Example 4.2. Suppose we take N = 4. This is not a prime number of course, but the
above lemmas still work. An explicit example of a faithful tropicalization was already given
in [13]. We will generalize this example.
So let P1 be a point of order four that reduces to a point of order 4 on the component
group. As before we let Pi := [i]P1. Consider the divisors
(f) := P1 + P2 − P3 −O
(g) := P2 + P3 − P1 −O
These divisors are again principal and we have functions f and g reducing to these functions.
One can in fact check that the divisors of the x and y coordinate in [13] have exactly these
forms.
One can see the end result in figure 4. We obtain a ”box” as in [13]. This tropicalization
is in fact faithful, in the sense that it has cycle length −v(j).
Example 4.3. To see what kind of tropicalizations we can obtain, we will consider the
example N = 7. Again, let P1 be a point of order 7 reducing to the singular point on E.
Consider the following divisors
(f) := −P1 − P2 + P3 + P4 + 2P5 − 2O
(g) := −O + P1 + P2 + P3 + P4 − P5 − 2P6
14 PAUL ALEXANDER HELMINCK
Figure 3. The tropical forms F and G and the cycle in the tropicalization
for N = 5.
These divisors are principal with functions f and g. We obtain the tropical forms F and
G as in figure 5. Here we also see the corresponding tropicalization, a 7-gon.
In this case the tropicalization has a cycle of length −v(j)
7
(2 + 1 + 2 + 1 + 2 + 1 + 1) =
−10
7
v(j).
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Figure 4. The tropical forms F and G and the cycle in the tropicalization
for N = 4
5. Torsion points and tropicalizations for genus 2
Suppose that we have a genus 2 curve C with a rational point on it, which we will denote
by ∞. We will keep things as elementary as possible and develop everything from scratch,
where Riemann-Roch is considered to be ”scratch”. Note that throughout this section we
will also make heavy use of the map ρ constructed in section 2. We will usually write
P2 7−→ C2 (which means ρ(P2) = C2) if P2 reduces to the component marked by C2 on
the special fibre of the minimal regular model over K. With these reduction maps we will
also identify divisors of the form
∑
aiCi as elements of the component group of the Ne´ron
model of the Jacobian of C, as is explained in [14] and in section 2 of this paper.
First we prove that any element of the Jacobian of C can be written in a certain form.
Lemma 4. Let D be divisor of degree zero on C. Then D ∼ P1 + P2 − 2∞.
Proof. Consider the divisor D′ = D + 2∞. This has degree 2. By Riemann-Roch we have
that `(D′) ≥ Deg(D′)− g + 1 = 1. Thus we can find a function in L(D′), call it f . We then
have div(f) + D′ ≥ 0 and in fact div(f) + D′ = P1 + P2 because it has degree two and is
effective. We then have that D ∼ P1 + P2 − 2∞, because D−P1−P2+2∞ = −div(f). 
Remark 5.1. This proof works for any curve of genus n with a rational point. One still
obtains the inequality `(D′) ≥ 1 and thus a function f .
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Figure 5. The tropical forms F and G and the cycle in the tropicalization
for N = 7.
Now let σ be the hyperelliptic involution on C. We have the following well-known lemma.
Lemma 5. D = P1 + P2 − 2∞ ∼ 0 ⇐⇒ σ(P1) = P2.
Proof. If σ(P1) = P2, then one can take f = x−x(P1). Now suppose that P1 +P2− 2∞ ∼
div(f). Consider the morphism defined by f : C → P1. This is a morphism of degree 2.
Since there exists only one such a morphism up to an automorphism of P1, we obtain our
result. 
Remark 5.2. This fact is used to obtain the Jacobian for a genus 2 curve. One takes the
symmetric product C × C and considers the map to the Jacobian. One has to blow down
the subvariety of all divisors of the above form This subvariety is a copy of P1. The variety
obtained by blowing down this divisor is the Jacobian of C.
5.1. 3 torsion on a genus 2 curve. Let us consider the 3-torsion of the Jacobian on a
genus 2 curve for char k 6= 3. It is well-known that over an algebraic closure the 3-torsion
of the Jacobian is isomorphic to (Z/3Z)4. Take a such a class D of order 3. It has a
representative of the form P1 + P2 − 2∞ as in the lemma above.
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Lemma 6. 2D ∼ σ(P1) + σ(P2)− 2∞
Proof. Consider the divisors Pi − ∞ and σ(Pi) − ∞. We have that Pi + σ(Pi) − 2∞ =
div(x−x(Pi)), thus the class of σ(Pi)−∞ is the unique inverse of Pi−∞. This also implies
that σ(P1) + σ(P2) − 2∞ is the unique inverse of D. But the inverse of D is exactly 2D
(because it is 3-torsion). Hence the Lemma. 
Now suppose we have a semi-stable curve of genus 2. As before, let C be the minimal
regular model of C. The identity component of the Ne´ron model is either G2m, an extension
of an elliptic curve by a torus or the Jacobian of a smooth curve of genus 2. We will assume
that we are in the first case, and more specifically in one of the reduction types 3 or 7 from
Theorem 3.
Lemma 7. Suppose that all 3-torsion is defined over K. Then there exists a point of order
3 in the component group of the Ne´ron model.
Proof. Indeed, the 3-torsion in the identity component has F3-dimension at most 2 by the
above observation. This also follows from the identity g = 2a+ t+ u, where a, t, u are the
abelian, toric and unipotent ranks of Pic0(Cs). 
We need one more lemma to continue.
Lemma 8. There exists an exact sequence
0→ Pic(Cs)[3]→ Pic(C)[3]→ Ψ(C)[3]→ 0
Proof. See [8]. 
Since the component group of the cases 3 and 7 is isomorphic to Z/e1Z × Z/e2Z, we
can also proceed as follows. Take a ramified extension of K of degree 3. Then the ei are
divisible by 3. Now take any 3-torsion reducing to (e1/3, 0) and (0, e2/3). This exists by
the previous lemma. We will show that we can create tropical embeddings using these
three torsion points.
To create these tropical embeddings, we have to create functions that have the right di-
visorial properties. So take D1 ∈ J(C)[3] such that it reduces to (e1/3, 0)(again, this exists
by the exact sequence before). We can create the right functions using this divisor.This is
done by the following lemma.
Lemma 9. There exist f and g such that
div(f) = 2P1 + 2P2 − σ(P1)− σ(P2)− 2∞
div(g) = 2σ(P1) + 2σ(P2)− P1 − P2 − 2∞
where the Pi are such that P1 + P2 − 2∞ ∼ D1.
Proof. This follows because we have the relation 2D ∼ σ(P1) + σ(P2)− 2∞.

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We will now consider the tropical counterparts of these principal functions. We will use
the notations as in [13]. To know exactly what the functions F := −log|f | and G := −log|g|
we need to know what the reductions are of the points P1 and P2. More explicitly, we have
to know what components they reduce to in the special fibre. Suppose as before that we
are in the ”split” case, that is: Ψ ∼= Z/e1Z × Z/e2Z. Since we took 3-torsion in the first
part, we will only consider the components of the first part of the component group. So
let them be {Ci}. Here we assume that they have been ordered in accordance with the
isomorphism Z/e1Z ∼= Ψ1 (as in Ci − C∞ ∼ i¯ ∈ Z/e1Z). Suppose that P1 7−→ Ci and
P2 7−→ Cj under the reduction map. Since we choose D to reduce to (e1/3, 0), we must
have i+ j = e1/3 mod e1.
Now we would like to say that the functions f and g created above yield faithful trop-
icalizations. This is however not always the case since the slopes of F := −log|f | and
G = −log|g| can be greater than 1. The good news, as we will show below, however is that
for at least one of these functions we have that the slope is non-zero. The bad news is that
we do not always have separation of points. When we do, we obtain a scaled version of the
faithful tropicalization, by a result of Section 2.
Lemma 10. For any edge in Γ, we have that either F or G has nonzero slope.
Proof. First, let it be noted that there are at most 5 points where the slope of either F or
G changes, namely {Ci, Cj , σ(Ci), σ(Cj), C∞}. Also, note that the graphs of F and G are
symmetric, in the sense that the reflection of F in the e1/2 axis is exactly G.
Suppose for a contradiction there is an edge e where both F and G are constant. We
can take e to be maximal, such that the endpoints belong to the above set. Note that
C∞ cannot be one of those points, because otherwise F and G would be constant in more
than that edge by symmetry. Also note that if the reduction of P1 is the same as that of
P2, then F and G have only option and one sees as in [13] that these have nonzero slope
everywhere.
We will now consider 4 cases. They will depend on the configuration of the reduction of the
Pi on the reduction graph Γ. An example of such a configuration: {P1, P2, σ(P2), σ(P1)}.
A quick remark: for any configuration we have that the pair in the center must be
Figure 6. The configuration in Case 2
{Pi, σ(Pi)} or {σ(Pi), Pi}. If F and G are constant on the edges to the left and the right
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of the edge {Pi, σ(Pi)} (or {σ(Pi), Pi}) then we easily obtain a contradiction. Indeed, the
incoming slope for Pi must be 2 and for σ(Pi) must be 1. Since there are no changes in
slope on the other edges adjacent to Pi and σ(Pi), we get a contradiction.
• Case 1: Suppose that the configuration is S := {P1, P2, σ(P2), σ(P1)}. Suppose
that F and G are constant between P2 and σ(P2). Let us take F . After σ(P2) it is
curved upward, whereas it is curved downward from P2 to the left (see the form of
f and F given above). Thus, they can never meet in O, a contradiction.
• Case 2: Suppose that the configuration is S := {P1, σ(P2), P2, σ(P1)}. We obtain
a contradiction by choice of D. Identifying the points Pi with points in R (see
Figure 6) we obtain the following equalities:
P1 + P2 = n+ n/3
P1 = n− σ(P1)
by construction of D. This yields
P2 − σ(P1) = n/3
In particular we have P2 > σ(P1), a contradiction with the configuration.
• Case 3: {σ(P1), P2, σ(P2), P1}. A quick calculation shows that the change upward
for such a curve must be n+σ(P1) and the change downward σ(P1). Since the first
one is bigger for n ≥ 1, we obtain a contradiction.
• Case 4: {σ(P1), σ(P2), P2, P1}. Suppose that F and G are constant on e =
[σ(P2), P2]. Then the corresponding solution is strictly curved upward to the left
of e and strictly curved downward to the right of e. Thus they can never meet in
O, as in Case 1.
There are 4 more cases with P2 and σ(P2) on the outside, but the problem is completely
symmetric with respect to P1 and P2 (see the form of f and g). The details are the same
as above but with P1 and P2 interchanged. We leave the details to the reader.

As mentioned above, these functions do not always separate points on Γ. We highlight
this in an example.
Example 5.1. Suppose that Ψ1 ∼= Z/9Z. Suppose that we have a 3-torsion point D of
the form D = P1 + P2 − 2∞ and suppose that P1 reduces to C8 and P2 to C4. We obtain
the forms of F and G as in Figure 7. We have that F (C3) = F (C6) = G(C3) = G(C6) so
they do not separate points.
Example 5.2. Let us consider a slightly different example. Suppose that Ψ1 ∼= Z/9Z and
that
P1 7−→ C7
P2 7−→ C5
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Figure 7. Tropical forms without separation of points.
The tropical forms of F and G are in Figure 8. We can calculate the tropicalization as
Figure 8. Tropical forms of F and G with separation of points.
follows. For every edge we look at the greatest common divisor of the nonzero slopes. We
multiply the slope by the length of the edge. This yields the length of the tropicalization.
In this case, the tropicalization has length 2 · 2 + 2 + 2 + 2 + 2 · 2 = 14.
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6. Appendix A: Explicit invariants
Let f(X) be a quintic of the form
f(X) = v0X
5 − v1X4 + ...− v5
as in [7]. An explicit form of the Igusa invariants for this quintic is given by:
J2 = 5v0v4 − 2v1v3 + 3v22/4
J4 = −1/8 · [52v20v3v5 − 3 · 5v20v24 − 3 · 5v0v1v2v5 + 7v0v1v3v4
+1/2 · v0v22v4 − v0v2v23 + 4v31v5 − v21v2v4 − v21v23 + v1v22v3 − 1/16 · 3v42]
J6 = −1/16 · [5
3
2
v30v2v
2
5 − 25v30v3v4v5 + 5v30v34 − 25v20v21v25
−2 · 5v20v1v2v4v5 + 2 · 5v20v1v23v5 − v20v1v3v24
−5
4
v20v
2
2v3v5 −
11
4
v20v
2
2v
2
4 +
7
2
v20v2v
2
3v4
−v20v43 + 2 · 3v0v31v4v5 − 3v0v21v2v3v5 +
7
2
v0v
2
1v2v
2
4
−2v0v21v23v4 +
3
4
v0v1v
3
2v5 −
7
4
v0v1v
2
2v3v4
+v0v1v2v
3
3 +
7
24
v0v
4
2v4 −
1
22
v0v
3
2v
2
3 − v41v24
+v31v2v3v4 −
1
4
v21v
3
2v4 −
1
4
v21v
2
2v
2
3 +
1
8
v1v
4
2v3
− 1
26
v62]
J8 =
1
22
(J2J6 − J24 )
J10 = ∆(f)/2
12,
where ∆(f) is the discriminant of f , which is rational in the vi by the fundamental theo-
rem on symmetric functions. Given any quintic, one can also just calculate the discriminant
in the usual way.
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